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Abstract
In this paper, we characterize isometries between unit spheres of F-space. Furthermore, we study
the isometric extension problem on such kind of metric linear spaces.
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1. Introduction
Let X and Y be metric linear spaces with metrics dX and dY , respectively. A mapping
T :X → Y is called an isometry if dY (T x1, T x2) = dX(x1, x2) for all x1, x2 ∈ X.
The classical Mazur–Ulam theorem in [4] describes the relation between isometry and
linearity and states that every onto isometry T between two normed spaces with T (0) = 0
is linear. So far, it has been generalized in several directions (e.g., see [6]). One of them is
the study of the isometric extension problem.
Traced back to 1972, Mankiewicz in [3] showed that an isometry which maps a con-
nected subset of a normed space X onto an open subset of another normed space Y
can be extended to an affine (i.e., a linear transformation composed with a translation)
isometry from X to Y . In 1987, Tingley in paper [7] firstly interested in the isometry
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dimensional Banach spaces necessarily map antipodal points to antipodal points. More-
over, he proposed the following problem: Is every onto isometry, between unit spheres
of two real normed spaces, necessary the restriction of a linear or affine transforma-
tion on the whole space? To this problem, we always consider the real case, because
the answer is clearly negative in the complex case. (For example, X = Y = C and
V0(x) = x¯ for all complex numbers x with |x| = 1.) In recent years, isometric extension
problems on many classical Banach spaces have been solved (e.g., see [1] and its refer-
ences).
In this paper, we generalize Tingley’s problem to metric linear spaces. Namely, consid-
ering real metric linear spaces which have unit spheres, we study whether every isometry
between unit spheres of such metric linear spaces can be extended to a linear or affine
operator on the whole space? Firstly, we characterize the isometries between unit spheres
of (lβn) (0 < βn < 1, n ∈ N) types F-spaces. Furthermore, we study Tingley’s problem on
such kind of metric linear spaces.
We recall some definitions and notation.
Let X be a linear space. A nonnegative valued function ‖x‖ defined on X is called an
F-norm if it satisfies the following conditions:
(n1) ‖x‖ = 0 if and only if x = 0;
(n2) ‖αx‖ = ‖x‖ for all real (or complex) numbers α, with |α| = 1;
(n3) ‖x + y‖ ‖x‖ + ‖y‖;
(n4) ‖αnx‖ → 0 if αn → 0;
(n5) ‖αxn‖ → 0 if xn → 0.
A linear space X equipped with a complete F-norm is called an F-space. As usual,
S1(X) := {x ∈ X; ‖x‖ = 1} denotes the unit sphere of X.
Let 0 < βn < 1 for all integers n. Pelczyn´ski (see [5]) firstly defined the space (lβn):
The space (lβn) consists of all sequences x = (ξn) of real numbers for which ∑ |ξn|βn
is finite.
It is easy to verify that the space (lβn) (0 < βn < 1, n ∈ N) is an F-space with the F-norm
‖x‖ :=∑ |ξn|βn and the standard basis {en = (ξn = 1; ξm = 0, m = n)}. The support of
x = (ξn) ∈ (lβn) is the set {i ∈ N; ξi = 0}, denoted by suppx. The elements x and y are
called disjoint if they have disjoint supports.
2. Main results
Similar to the characterizations of the linear isometries of c0 or lp (1 p +∞, p = 2)
onto itself in [2, Proposition 2.f.14], it is easy to get the corresponding result for F-spaces
lβ (0 < β < 1). To be summarized as one theorem, it is as follows:
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sequence {θi}∞i=1 of signs and a permutation π of integers so that
T (α1, α2, . . .) = (θ1απ(1), θ2απ(2), . . .).
In this section, we generalize this result to Theorem 2.2, which characterizes the onto
isometries (without the linearity assumption and defined only) between the unit spheres of
(lβn) (0 < βn < 1, n ∈ N) type spaces. Firstly, we give the following lemma.
Lemma 2.1. Let 0 < β < 1 and ξ, η be two real numbers. Then
|ξ − η|β  |ξ |β + |η|β, (1)
the equality holds if and only if ξη = 0.
Proof. To prove the inequality (1), it is only need to note the fact that for any positive
numbers ω and µ, (ω + µ)β  ωβ + µβ (0 < β < 1). The “if” part of the later statement
is clear. We only need to prove the “only if” part of the later statement.
Suppose that ξη = 0. The equality in (1) holds, so we must have (|ξ | + |η|)β = |ξ |β +
|η|β . Then
1 =
( |ξ |
|ξ | + |η|
)β
+
( |η|
|ξ | + |η|
)β
>
|ξ |
|ξ | + |η| +
|η|
|ξ | + |η| = 1,
where the strict inequality holds because of the strong concavity of the function f (ξ) = ξβ
(0 < β < 1). The contradiction shows that if the equality in (1) holds then ξη = 0. 
Theorem 2.2. Let 0 < βn < 1 for all integers n. An operator V0 :S1((lβn)) → S1((lβn)) is
an onto isometry if and only if there exists a sequence {θn}n of signs and a permutation π
of the integers, so that, for any integer n, βn = βπ(n) and for any element x =∑ ξnen ∈
S1((lβn)),
V0(x) =
∑
θnξπ(n)en.
Proof. The “if” part is trivial. Following, we prove the “only if” part.
Take any two disjoint elements x, y ∈ S1((lβn)). Let V0(x) = ∑ ζnen and V0(y) =∑
ηnen. Since V0 is an isometry and by the inequality (1), we have
2 = ‖x‖ + ‖y‖ = ‖x − y‖ = ∥∥V0(x)− V0(y)∥∥=∑ |ζn − ηn|βn

∑
|ζn|βn +
∑
|ηn|βn = 2.
So, for any integer n,∑
|ζn − ηn|βn =
∑
|ζn|βn +
∑
|ηn|βn = 2.
By Lemma 2.1, ζnηn = 0 for all n ∈ N. Hence, we get
suppV0(x) ∩ suppV0(y) = ∅ if suppx ∩ suppy = ∅. (2)
We claim that for any en, suppV0(en) is a single point set.
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set and
V0(e1) = ζm1em1 + ζm2em2 +
∑
i =m1,m2
ζiei,
where m1 = m2 and ζm1ζm2 = 0.
Since m1 ∈ suppV0(e1), by (2), for any integer n with n = 1, suppV0(en) ∩ {m1} = ∅
and there is no integers k such that V0(ek) = em1 . On the other hand, since V0 is surjective,
there must exist an element x =∑ ξiei ∈ S1((lβn)) so that V0(x) = em1 . Then for any
integer n > 1, we have
‖en − x‖ = |1 − ξn|βn + 1 − |ξn|βn,∥∥V0(en) − V0(x)∥∥= ∥∥V0(en) − em1∥∥= ∥∥V0(en)∥∥+ ‖em1‖ = 2.
V0 is an isometry, so |1− ξn|βn −|ξn|βn = 1 (n > 1). Since the equation |1− ξ |β −|ξ |β = 1
(0 < β < 1) has the unique solution 0 in the interval [−1,1] and |ξn|  1, ξn = 0
(n > 1). Thus, suppx = {1} and x = −e1. That is, V0(−e1) = em1 . By the same way,
m2 ∈ suppV0(e1), so we also get V0(−e1) = em2, which is a contradiction. Therefore,
suppV0(en) is a single point set for any integer n and we can define a mapping p :N → N
by p(n) = m, where the integers m and n satisfy the relation V0(en) = θmem, with
|θm| = 1. Similarly, we can define another mapping q :N → N by q(n) = m′, where
V0(−en) = λm′em′ , with |λm′ | = 1.
Take any integer n, then V0(en) = θp(n)ep(n) and V0(−en) = λq(n)eq(n). So for any n,
computing
2βn = ∥∥en − (−en)∥∥= ∥∥V0(en) − V0(−en)∥∥= ‖θp(n)ep(n) − λq(n)eq(n)‖,
we get p(n) = q(n) and θp(n)λq(n) = −1. Furthermore, 2βn = 2βp(n) and βn = βp(n)
(n ∈ N). Namely, we get p = q and for any integer n, V0(−en) = −V0(en) and βn = βp(n).
Since both V0 and V −10 are surjective isometries, it is easy to verify that p is bijective.
Take any x =∑ ξnen ∈ S1((lβn)). Put V0(x) =∑ηnen.
If ξm = 0, then supp em ∩ suppx = ∅. By (2), suppV0(em) ∩ suppV0(x) = ∅. That is,
ηp(m) = 0.
If ξm = 0, set εm = ξm/|ξm|, then we get
‖x − εmem‖ = |εm − ξm|βm + 1 − |ξm|βm =
∣∣1 − |ξm|∣∣βm + 1 − |ξm|βm,∥∥V0(x)− V0(εmem)∥∥= ∥∥V0(x) − εmV0(em)∥∥= ∥∥V0(x)− εmθp(m)ep(m)∥∥
= |ηp(m) − εmθp(m)|βp(m) + 1 − |ηp(m)|βp(m)
= |θp(m)ηp(m) − εm|βp(m) + 1 − |θp(m)ηp(m)|βp(m)

∣∣1 − |θp(m)ηp(m)|∣∣βp(m) + 1 − |θp(m)ηp(m)|βp(m) .
Since V0 is isometric and βm = βp(m), we have
∣∣1 − |ξm|∣∣βm − |ξm|βm  ∣∣1 − |θp(m)ηp(m)|∣∣βm − |θp(m)ηp(m)|βm.
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decreasing,
|ξm| |θp(m)ηp(m)| if ξm = 0.
From
∑ |ξm|βm = ‖x‖ = ‖V0(x)‖ = ∑ |ηm|βm = ∑ |θp(m)ηp(m)|βp(m), we get |ξm| =
|θp(m)ηp(m)|. Supposing ξm = −θp(m)ηp(m), then by the above computing, we get
|εm − ξm|βm + 1 − |ξm|βm = |εm − θp(m)ηp(m)|βm + 1 − |θp(m)ηp(m)|βm,
|εm − ξm| = |εm − θp(m)ηp(m)| = |εm + ξm|,
which is a contradiction. So ξm = θp(m)ηp(m), if ξm = 0. Hence, ηn = θnξp−1(n), for all
n ∈ N. Let π = p−1. So V0(x) =∑ θnξπ(n)en. 
Remark. In particular, if the real numbers 0 < βn < 1 (n ∈ N) are pairwise different, then
the permutation π of the integers in Theorem 2.2 only can be the identical permutation,
that is, π(n) = n, for all n ∈ N.
Applying Theorem 2.2 to the isometric extension problem, we get the following result.
Corollary 2.3. Let 0 < βn < 1 for all integers n and let V0 :S1((lβn)) → S1((lβn)) be an
onto isometry. Then V0 can be linearly isometrically extended to the whole space (lβn).
Proof. Since V0 :S1((lβn)) → S1((lβn)) is an onto isometry, by Theorem 2.2, there exists
a permutation π of the integers and a sequence {θn}n of signs so that for any integer n,
βn = βπ(n) and for any element x =∑ ξnen ∈ S1((lβn)),
V0(x) =
∑
θnξπ(n)en.
Then we define V : (lβn) → (lβn) by V (∑nen) =∑ θnπ(n)en for all∑nen in (lβn).
It is easy to verify that V is a surjective linear isometry and its restriction to S1((lβn)) is
just V0. Therefore, V0 can linearly isometrically extended to the whole space (lβn). 
In particular, let 0 < β < 1, provided βn = β for all integers n. Then for the F-space lβ ,
we get the following result.
Corollary 2.4. An operator V0 :S1(lβ ) → S1(lβ) is an onto isometry if and only if there
exists a sequence {θn}n of signs and a permutation π of the integers, so that, for any
element x =∑ ξnen ∈ S1(lβ ),
V0(x) =
∑
θnξπ(n)en.
Furthermore, V0 can be linearly isometrically extended to the whole space lβ .
Remark. In general, let Γ be an index set, 0 < β < 1 and 0 < βγ < 1, γ ∈ Γ . Similar as
(lβn) and lβ , we can define (lβγ (Γ )) and lβ (Γ ), respectively. Then all of the above results
hold for (lβγ (Γ )) and lβ(Γ ) types spaces, respectively.
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above types metric linear spaces satisfies that suppV0(en) (n ∈ N) is a single point set.
However, for the general isometry (without the surjection assumption), this claim is not
always true.
For example, take two nonzero real numbers α1 and α2 with |α1|β + |α2|β = 1. For any
x = (ξ1, ξ2, . . .) ∈ S1(lβ ), we can define
V0(x) = (α1ξ1, α2ξ1, ξ2, ξ3, . . .).
Then it is trivial to verify that V0 is an isometry between S1(lβ ), but e1 ∈¯V0(S1(lβ)) and
suppV0(e1) is not a single point set.
So the characterizations and extensions of “into” isometries between unit spheres are
more interesting, but still open.
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